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I. INTRODUCTION

The accurate determination of satellite orbits plays a crucial
role in space situational awareness, ensuring the safe and
sustainable use of Earth’s orbital environment. This semester
project focuses on improving the orbit-fitting process for satel-
lites and debris by implementing the Mahalanobis distance as a
correction metric. Specifically, the goal is to refine the process
of correlating observed streaks in telescope images with orbital
predictions derived from Two-Line Elements (TLEs).

The observational data for this project is sourced from the
VLT Survey Telescope (VST), situated at ESO’s Paranal Ob-
servatory in Chile. The VST captures high-resolution images,
often featuring streaks produced by satellites or debris as they

cross the sensor as shown on [Figure

Fig. 1: Example of a debris crossing the sensor of the telescope
during an observation.

For each streak, the corresponding satellite or debris object
is identified, and the TLE closest to the observation epoch is
retrieved. However, the precision of this initial correlation is
significantly affected by factors such as the telescope’s shutter
speed. This introduces uncertainty in the apparent start of the
streak and the exact time of observation, which is crucial for
orbit determination. Objects can traverse the detector within a
second, but the exposure time spans several minutes, making
it challenging to pinpoint the precise observation time.

Building on previous work by Yan Devoisier [1]], this project
aims to advance the methodology for orbit determination.
Devoisier’s work involved accurately computing the obser-
vation time and generating new TLEs that better align with

telescope observations. Expanding on this foundation, the
proposed method leverages Python libraries such as Skyfield
and Orekit to integrate the Mahalanobis distance into the
correction process.

This paper outlines the methodology for incorporating the
Mahalanobis distance into the orbit-fitting process, evaluates
its effectiveness in refining orbital predictions, and discusses
its implications for enhancing satellite and debris tracking
capabilities.

II. METHOD
A. General approach

The methodology employed in this project starts the Two-
Line Element (TLE) set of the identified object at the epoch
closest to the observation time. This TLE, derived from an
actual measurement, serves as the initial reference for orbit
estimation. While the TLE itself is based on a real observation,
its inherent uncertainties, combined with the propagation of
the object’s position to the observation epoch, can result in a
prediction that does not perfectly align with the observed data.
Simultaneously, the Right Ascension (RA) and Declination
(DEC) angles corresponding to the streak’s entry and exit
points on a specific tile of the image are known. These angular
measurements are used to estimate the precise time at which
the object crosses the field of view, refining the observation
time.

Using the RA/DEC angles and the entry/exit time as inputs,
a Batch Least Squares Estimator is applied to calculate an
updated TLE that better aligns with the observed streak. This
updated TLE is then back-propagated to the tile on which the
start of the streak is for comparison with the actual streak start
observed in the image.

To evaluate the similarity between the initial TLE and the
estimated TLE, the Mahalanobis distance is computed. The
observation time is iteratively adjusted within a time interval
around the predicted observation time, using increments of
0.25 seconds. For each adjustment, a new orbit is fitted and
the Mahalanobis distance is recalculated between the newly
fitted TLE and the reference TLE.

By plotting the Mahalanobis distance against observation
time, the curve’s minimum identifies the most accurate obser-
vation time for each tile of the image. The angular separation
between the start of the streak and the start of the estimated
orbit is also computed to compare between each fitted orbit.



B. Finding the observation time

The observation time is found by finding the minimum
angular separation between the guess TLE and the RA/DEC
entry and exit points for a certain time range. The time range
considered is :

[tguess; tobs + t]

with tg,.ss the time at which the guess TLE is computed,
t,ps 1S the observation time provided by the image data and

t is equal to 5 minutes. The time for which the minimum
angular separation is found is then returned by the function
as the entry or exit time. The time stamps retrieved from this
method are important when building the measurement used in
the estimator.

C. Orbit estimation

The orbit estimation is done using the Batch Least Square
Estimator in the Orekit Library [2]. For a given initial state
Yo of orbital elements of the object the algorithm provides an
estimation of its state such as :

Yo=Yo+ o (1)

where ,, is computed using an iterative process that in-
volves the solving of a non-linear equation that depends on the
residual and the partial derivatives matrix. The partial deriva-
tives matrix is the product between the observation matrix and
the state transition matrix. Both of these matrices are computed
using automatic differentiation in Orekit. The models used
are SGP4 and SDP4, these models are analytical and take
into account the main perturbations acting on the object in
orbit, such as the earth’s gravitational field, atmospheric drag,
and solar radiation pressure. SDP4 used for orbits over 225
minutes, adds to that the gravity fields of the sun and the
moon as well as deep space secular effects. The SGP4/SDP4
propagators used for the orbit determination are initialized
using the last known TLE of the object and a Gauss-Newton
optimizer is used for the estimation process. The initial guess
for the orbit used is the last known TLE of the object before
measurement time.

D. Mahalanobis distance

According to [3]], the Mahalanobis distance for orbit esti-
mation “describes a distance between a point X and a normal
distribution with mean and covariance matrix S. If we con-
sider two points x and y in the orbit space and their uncertainty
given by their covariances, the Mahalanobis distance is a way
to scale the actual distance between x and y according to the
covariances Sx and Sy and can be written as ” :

du(xiy) = /(x9S 1x y) @

with S = §, + S, the covariance matrix. The orbits are
described by Keplerian elements such as the semi-major axis,
the eccentricity, the Right Ascension Node (RAAN), the
argument of periapsis, the mean anomaly and the inclination.
To compute the covariance matrix, all of those elements are
used except for the mean anomaly.

E. Python libraries

This project could not re-use the code developed by Yan
Devoisier as the python libraries used are different and some
important Orekit function have changed between the two
projects. The version of the different libraries used in this

project are summarized in

TABLE I: Libraries version used on the project

Library Version used
Astropy [ | 0.2024
Orekit 12.1.2
Skyfield P | v1.49

Python 3.12.6

IIT. RESULTS

A. Orbit estimation with 2 measurements & Mahalanobis
distance

This subsection presents the results obtained with fitting us-
ing one tile’s measurement and then the improvement possible
when observing the Mahalanobis distance over a specific time
range.

The results are presented with the streak done by the ATLAS
5 CENTAUR Rocket Booster (INTLDES : 12009B). The
observation date of the debris given by the VST is the 2022-
05-27T01:35:45.988 . The initial reference orbit used is the
following :

1 38094U 12009B 22146.85396538 -.00000219
00000-0 00000-0 0 9991

2 38094 18.2529 291.2232 6217657 112.2434
299.5415 2.11807545 79313

This TLE was calculated on the 2022-05-26T20:29:00.
shows the images captured by the telescope that day.
We can see that the streak of the debris that is studied in this
project is visible in the top tiles of the image. The start of the
streak is located on tile 13 and extend to tile 32. The tiles are
numbered in order from the closest to the start of the streak
to the farthest away as 13 (start), 14, 15, 16, 29, 30, 31, and
lastly 32.

Thttp://www.astropy.org
Zhttps://www.orekit.org/download.html
3https://rhodesmill.org/skyfield/installation.htmlchangelog
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